Abstract-A concept of target perceivability is introduced, which is related to such concepts as target existence and target observability. Its probability provides a basis for an integrated approach to track initiation, confirmation, termination, and refinement of track maintenance algorithms. This paper proposes the concepts of target perceivability and presents a recursion of its probability based on hidden Markov models (HMMs) and their applications to tracker analysis, development, and design, in particular, in the context of the PDA method. Specifically, several important quantities and track life are analyzed; a perceivability-based probabilistic approach to track confirmation and termination is proposed; two versions of perceivability-based PDA trackers are presented. Simulation results are provided to demonstrate their performance.
Target Perceivability and Its Applications I. INTRODUCTION
A TARGET may or may not physically exist in a surveillance region at a given time. If it exists, there is still a possibility that it cannot be detected due to the limitation of the sensors used. We are interested only in targets that can be detected. We say a target is perceivable if it exists and can be detected by the sensors used. A target is not perceivable if it either does not exist or cannot be detected by the sensors used. Target perceivability is clearly a fundamental concept.
If perceivable, a target may or may not be actually detected at any given time. When detected, the target-originated measurement may or may not fall in a validation region, known as "gate," which is used to reject false measurements. A target-originated measurement inside the gate is called a validated target-originated measurement.
For a target that is always perceivable in a clutter-free environment with perfect target detection, the measurement is always available, unique, and from the target alone at each time. Accordingly, tracking follows from the conventional methods of estimation and filtering [2] .
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may have originated from the target or clutter [3] . The conventional filtering theory cannot be applied directly. Tracking in clutter involves track initiation, confirmation, termination, and maintenance. Track maintenance deals with target state estimation, assuming the target is perceivable. Track initiation, termination, and confirmation are decisions concerning whether a track comes from a particular target. Track initiation is concerned with whether or not to begin a new track for a target. In contrast, whether or not to abandon a track is the task of track termination. Track confirmation is a decision that a track is deemed from the target. A distance-based criterion, albeit reasonable and useful for track maintenance, is not necessarily suitable for making decisions on tracks, even though it is not uncommon to adopt such a criterion. A typical example is the popular criterion for track loss. A target is declared lost if the target state estimation error (i.e., the distance between the track and the true trajectory) exceeds a certain threshold. In fact, track maintenance is different in nature from track initiation, confirmation, and termination. For track maintenance, the accuracy of state estimation is of the primary concern, whereas in track initiation, confirmation, and termination, the focus is on making correct decision as quickly and reliably as possible. In short, the former is an estimation problem compounded with the measurement origin uncertainty, whereas the latter are basically decision problems.
What is a suitable basis for these decisions? We propose, in this paper, the probability of target perceivability as such a basis and, on it, an integrated, probabilistic approach to track confirmation, termination, initiation, and maintenance. It differs significantly from the existing techniques, which are heuristic or statistical in nature [3] , [5] , [6] . Specifically, we introduce the concept of target perceivability, present a recursion for computation of its probability based on a hidden Markov model (HMM), propose to confirm and terminate a track by comparing its perceivability probability with thresholds, present a perceivability-based tracker analysis and design of key tracker parameters, and develop two PDA trackers as generalization and refinement of the probabilistic data association (PDA) filter.
The remainder of the paper is organized as follows. In Section II, we introduce the concept of target perceivability, present a recursive form of its probability, and propose a perceivability-based approach to track confirmation and termination. As a first application, Section III summarizes the results of design of several key parameters presented in [15] . A perceivability-based tracker analysis is presented in Section IV. Section V summarizes several recently developed clutter-density estimators in which perceivability probability is a key parameter. In Section VI, two PDA trackers are developed as generalization and refinement of the PDA filter. Simulation results are provided in Section VII. A summary of the paper is given in Section VIII. Mathematical details are left in Appendix.
II. TARGET PERCEIVABILITY AND ITS PROBABILITY

A. Target Perceivability and Related Concepts
A viable way of making a decision in the presence of uncertainties is based on probability. Probabilistic decision making for track initiation, confirmation, and termination has been proposed in the literature. For example, the "likelihood of track existence" was introduced in [25] to determine the "cost" of each decision. The concept of a "weak" track was used in [22] , although the "probability of track existence" for each track was not explicitly computed. The "probability of track existence" was included in the track splitting in [24] , where the computation is numerically complex and requires a priori information.
One popular approach to data association is the PDA method [3] , [4] , which weighs the contribution of each measurement by the probability that it is target originated. A fundamental limitation of the PDA method is the assumption that target is always perceivable, and thus, it is not directly applicable to track initiation, confirmation, and termination. Initiation and termination of a track were incorporated into the PDA filter in [8] - [10] based on the introduction of a concept of "target observability." This is an important introduction, which pioneers integration of track decisions and maintenance in the PDA method.
A related but different approach, which is referred to as the interacting multiple-model PDA (IMMPDA), was proposed in [1] based on the IMM algorithm, where nonperceivability is modeled by a model with zero probability of detection. The probability that the other model(s) are true was defined as the so-called "true target probability."
Following a similar path as [10] , an attempt was made in [23] to fully integrate the estimation and decision tasks of tracking in clutter in the context of the PDA method based on probability of track existence, modeled as a hidden Markov chain, as in [10] , but slightly more elegantly.
The concept of target perceivability is a refinement of the above concepts. For example, track existence of [23] does not address the possibility that the target cannot be detected, whereas target observability of [10] presumes the presence of a target. As defined before, a target is perceivable if it is present and can be detected by the sensors used. This refined concept provides a better foundation for not only track decisions but also to maintain tracks of a temporarily-obscured target. The probability that a target is perceivable was introduced in [19] under the term "tracking probability" and revised to the current term 1 in [14] . It provides a quantitative measure that a target is present and can be detected, and thus, the track under consideration is likely an estimate of its state trajectory. It is more integrated, systematic, and economical than the IMMPDA 1 The term target existence is not appropriate here since it does not guarantee that the target can be detected. The term observability is well established in such areas as estimation theory, system science, and passive tracking, which is concerned with unique determination of state by its observations (and input). The term detectability has a similar interpretation in system science. The word perceivable is chosen partly because "not perceivable" could mean either nonexistent (at least to some philosophers) or existence but not sensible. The term track existence is a misnomer since a track is not a physical entity. approach, as evidenced by the abundant results presented or outlined in this paper.
B. Assumptions
A1: Target perceivability as a time sequence can be modeled as a first-order homogeneous Markov chain with known transition probabilities (1) where target is perceivable at time (2) target is not perceivable at time
This assumption is natural and reasonable since knowing the perceivability of a target at present its perceivabilities in the past and future are, loosely speaking, independent. However, such a Markov chain is not directly observable (e.g., how to observe directly?) and is thus known as an HMM. HMMs are widely used models in many areas, including tracking. For example, they are enabling models for the second generation of multiple-model algorithms [17] , including the well-known IMM algorithm [2] , [7] . Albeit assumed known, the actually unknown transition probabilities can be estimated (see, e.g., [12] and the references therein) but are usually treated in practice as design parameters. See Section III for more details.
At any time , the set of validated measurements for a given track is denoted as . Let be the sequence of measurement sets through time . We will refer to and , respectively, as the predicted and updated probabilities of target perceivability for a given track.
Under Assumption A1, the total probability theorem gives (4) A2: The number of validated target-originated measurement per target per track, which is denoted by at any given time , is a zero-one binary random variable with the following conditional probability mass function: (5) where Kronecker delta function with if , if , , and undefined otherwise; target detection probability, assuming target is perceivable; probability that the target-originated measurement falls inside the gate assuming the target is detected. A3: False detections at different times are independent, and the detection of the target is independent of false detections (for a given detection threshold). It is also assumed that the sequences and are independent and have zero mean, where , , and is the number of validated false measurements. The kinematic components are independent of feature components for both target and false detections. A4: The number of validated false measurements at any given time can be described by a suitable Poisson model with a spatial density , that is, the probability of the total number of false measurements in the gate with a volume is given by (6) Note that under this assumption, . Assumptions A2-A4 are fairly standard in target tracking.
C. Probability of Target Perceivability
Theorem 2.1: With Assumptions A2-A3, the updated and predicted target perceivability probabilities for a given track are related by (7) where (8) with (9) denoting the number of total validated measurements from the target and clutter.
Proof: See the Appendix. The non-negative scalar sufficient statistic for perceivability probability (10) summarizes all information contained in the validated measurements;
is the pdf of kinematic components of the th measurement residual conditioned on the event that the th measurement is target originated, stands for the event that the target-originated measurement is not in the gate, is the ratio of the pdf of target-originated feature component to that of a false measurement, and is the gate volume. All these quantities are for the track in question. Note that , is the th measurement containing both kinematic components and feature component (intensity, etc.).
Remarks:
• For the number of total validated measurements, both the random variable and its realization will be denoted as . The unambiguous notation is used only when necessary.
• Under Assumption A4, (7) and (8) become (11) (12)
• Note that only when . In addition, implies . Then, the range of is . It is clear from (7), (11), and (12) 
• In the case of with but not always , perceivability probability remains a useful measure.
D. Perceivability-Based Probabilistic Approach to Track Decisions
As explained before, a distance-based criterion is, in general, not suitable for making decisions concerning tracks. Rather, target perceivability probability is more suitable. The perceivability probability tells us how likely we are perceiving a target and estimating its state. In view of this, we naturally propose to confirm and terminate a track using the following rules:
A track is confirmed if (14) and a track is terminated if (15) where and are confirmation and termination thresholds, respectively.
In a cluttered environment, there could be more than one track per target. There is sometimes a need to identify the best of all tracks on a real-time basis. The one that is closest to the true trajectory of the target cannot be identified because of the need for the unknown truth. In the context of perceivabilitybased approach, we propose to use the so-called most probable confirmed track (MPCT). The MPCT is defined as the track with the highest perceivability probability over a given time period among the tracks that have been confirmed at least once. It is the best track on average in terms of perceivability probability. It can be expected that an accurate evaluation of perceivability probability will lead to an MPCT that is closer to the (unknown) true trajectory of the target. In other words, the more accurate the evaluation of perceivability probability, the more credible the MPCT.
III. PERCEIVABILITY-BASED TRACKER DESIGN
Application of the perceivability probabilistic approach proposed above requires knowledge of thresholds and and transition probabilities , among other things. Theoretical formulas for the design of these parameters have been presented in [15] for enhancing perceivability probability based on some common-sense rules. In this section, we describe briefly representative design formulas presented in [15] .
A. Design of Confirmation Threshold and Transition Probabilities
Rule 1: The confirmation threshold should be chosen to guarantee that a track at time is always confirmed if the perceivability probability and never confirmed if there is no validated measurement at and . The rationale of this rule is the following. If , we still want to confirm the track at time , even if there is no validated measurement, which we believe is due to imperfect target detection , finite gate , or some other nonideal conditions. On the other hand, the event that there is no validated measurement at strongly suggests that the track is dubious and, thus, should not be confirmed if prior information is not overwhelming; otherwise, too many false tracks may be confirmed. In the case where and there is at least one validated measurement at , confirmation depends on the relative values of and . The relationship between and is given in the next section. Note that this rule is presented here using the limit , although the limit can never be reached in a cluttered environment. Note also that according to this rule, a track without a validated measurement at a given time will not be confirmed for that time, but it may be confirmed at other times when there is one or more validated measurements.
Design 1 (Relationship Between Confirmation Threshold and Transition Probabilities):
With Rule 1 and Assumptions A1-A4, the confirmation threshold and transition probabilities and should be selected such that (16) Simulation results presented in [15] indicate that tracking performance is not insensitive to the values of , and thus, as the key parameter of the HMM for perceivability, it should be carefully designed. Clearly, it should be close to unity in most situations because it is a rare case that a perceivable target becomes not perceivable.
B. Design of Termination Threshold and Initial Perceivability Probability
Rule 2: The termination threshold should be chosen such that a track at time is terminated if and only if either a) and there is no validated measurement at , or b) and the sufficient statistic is small enough relative to , where is a design parameter. This rule makes sense. A decision to terminate a track should rely on both a priori and a posteriori information. The event that there is no validated measurement at is a strong indication that the track is probably not a good one. Therefore, the track should be terminated unless the a priori information strongly suggests the opposite (i.e.,
). If the a priori information is not very indicative (i.e., ), then the termination decision should rely on the a posteriori information, that is, the value of relative to . As shown in the next section,
, and when there is and there is no validated target-originated measurement, respectively, in a cluttered environment when feature information is not used. A reasonable choice is , that is, the track should be maintained if its perceivability probability exceeds the perceivability probability assigned to an initial track (otherwise, it would be initiated right after it is terminated). With this choice, we have the following design.
Design 2 (Termination Threshold and Initial Perceivability Probability): With Rule 2 and Assumptions A1-A4, the termination threshold and the initial perceivability probability should be selected such that (17) For more information about the perceivability-based tracker design, see [15] .
IV. PERCEIVABILITY-BASED TRACKER ANALYSIS
A. Expected Value of Sufficient Statistic
For the perceivability probability update, all information in the measurements at time is summarized in the scalar sufficient statistic of (10). Thus, a perceivability-based tracker analysis can be carried out by analyzing .
Note first that the statistic is obtained pertaining to a gate , which is usually given by [3] where is the predicted measurement (kinematic component) with covariance .
In general, it can be seen from • It follows from (13) and (18) that speaking on average, if , , , and thus, . In other words, statistically speaking, the proposed track termination scheme guarantees that all false tracks will be terminated eventually in a cluttered environment. More precisely, perceivability probability decreases statistically every time the track does not have the support from the target-originated measurement (i.e., ), although the decrement may be small (see Section IV-D).
• When the track has the support from the target-originated measurement (i.e., ), implies on average, meaning loosely that the perceivability probability increases on average.
• When feature information is used, increases if , but it does not change if . See [3] for details for the benefit of using feature information.
• Under the fundamental Gaussian assumption of the PDA filter [3] , ; with , we have where is the incomplete gamma function, is dimension of measurement space, and .
B. Expected Numbers of Validated True and False Measurements
The expected numbers of validated measurements is a key quantity that reflects the quality of a tracker. A good tracker should have an expected number of target-originated measurements close to detection probability and a small expected number of false measurements.
Clearly, implies , and thus, we are interested only when . 
C. Track Improvement
A track is improved in terms of perceivability at time if (and only if)
. By (13), the above inequality becomes , where
Clearly, whenever , which is almost always true. This indicates that perceivability probability at increases only if . In other words, is not sufficient to guarantee the increase in perceivability probability, although by Remark 2 of Theorem 4.1, it guarantees the increase in an average sense. Recall that if and only if the track has the support from the target-originated measurement (i.e., ). Fig. 1 illustrates several typical curves (for , , ) of this improvement threshold versus . A track is improved at if and only if is above the corresponding curve for a given .
D. Track Confirmation
Assume that a track has been confirmed at time , i.e., . A sufficient condition for the track to remain to be confirmed at time ( is an arbitrary positive integer) is . By (12) , this is equivalent to for , where
The second equation above follows by setting . Note that it is possible that , in which case, the track will continue to be confirmed at time no matter whether it has the support from the true measurement or not. This is reasonable because only when is very large or is quite small, indicating either a strong prior perceivability probability or poor detection probability. In any case, is required for the track to remain confirmed. When is large enough (i.e., ), it is possible for the track to continue to be confirmed at , even if ; otherwise, continual confirmation requires .
E. Lifespan of a False Track
Consider a pure false track that is supported during a period of several scans by validated false measurements alone (i.e., no validated true measurement). In this case, , which leads to and . If a track has been initialized with initial probability , then . Denote by the perceivability probability of the track terminated at . Then or , where is the termination threshold. Therefore, the expected lifespan of a pure false track is (22) For , , (these numbers are from the optimal design of [15] ), the expected lifespan of such a "pure" false track is 136 scans. It is 82 scans for , , and . The lifespan is quite long, but such a false track is (almost) the worst situation possible since it is always supported by some false measurements. It makes sense that the lifespan of a track without true measurements is much longer than the life of the track without the support of any future measurement.
F. Lifespan of a Confirmed Track Without Future Measurement Support
When a track has been confirmed, say , how many scans can it survive without support from any future measurement? It follows from (4) and (12) that for , , we have We see from Fig. 2 that the confirmed track can only last two to three scans. Consequently, from a perceivability probability point of view, a track should be terminated if it does not have support from any measurement for three consecutive scans. This theoretical result thus provides a justification for the heuristic track-loss criterion that a target is deemed lost if there is no validated measurement in three consecutive scans. 
V. ONLINE CLUTTER DENSITY ESTIMATION
Several online estimators of clutter density have been developed recently in [20] and [21] . A key parameter needed in these estimators is perceivability probability, although no knowledge about the spatial distribution or temporary evolution of the clutter density is needed. In other words, these estimators, being the first with a solid theoretical foundation, could not have been developed without the concept and computation of perceivability probability. In this section, we summarize very briefly the main results presented in [20] and [21] that are not too involved to demonstrate their dependence on perceivability probability.
It follows from (21) that the conditional mean estimators of clutter density is given by, for (23) where . The clutter density estimator by the method of moments is, for which follows from replacing with its sample mean . The maximum likelihood estimators of clutter density is, for where and are given above.
It is shown in [20] that the least square estimators of timeinvariant clutter density is given by where gate volume at time ; given by (23); beginning time for the measurement of . It is clear that the predicted perceivability probability is needed in all these estimators of clutter density. For more information about these and some other clutter density estimators and their dependence on perceivability probability, see [20] and [21] .
VI. TWO REFINED PDA TRACKERS
A. Perceivability-Based PDA Tracker
The well-known PDA filter implicitly assumes that a target is always perceivable and is thus valid only for track maintenance.
In the perceivability-based PDA (PB-PDA) tracker, the state estimate is updated by where with is the residual of the th measurement, is the filter gain, and the probabilistic weights are defined by (24) When there is no validated measurement or none of the validated measurements are target originated, the PDA filter, like all other tracking filters using a gate, uses the predicted covariance as the error covariance associated with the corresponding state estimate (i.e.,
). This is, however, incorrect. As shown in [16] , the correct covariance for the both cases is given by 2 (25) 2 The event that the target-originated measurement is not in the gate carries the information that the state prediction actually has an error covariance greater than C (i.e., without this event). The increment b K S K reflects this fact.
where (26) and where is the incomplete gamma function defined in Section IV-A. Then the error covariance of is for , and for where is the spread of the means. The weights are identical to those of the well-known PDA filter (parametric version, incorporating feature information) [3] (27) where , and was defined before.
The proposed PDA tracker differs from the well-known PDA filter (parametric version, incorporating feature information) in three aspects. First, the unknown clutter density is replaced with its estimates that were obtained by an estimator presented in Section V. This is also superior to the nonparametric version of the PDF filter, which amounts to assuming total ignorance of clutter density. 3 Second, the incorrect error covariance is replaced by the correct one and by . Finally, and most importantly, with the built-in perceivability, the tracking algorithm proposed in this paper, which includes the recursion of perceivability probability (Theorem 2.1) and comparison with corresponding thresholds, provides an integrated tool for track initiation, confirmation, and termination, as well as track maintenance. For example, a track will be maintained if and only if , where is the termination threshold; otherwise, no state estimation is carried out. Therefore, we refer to what is proposed here as a PDA tracker, as opposed to the commonly used PDA (tracking) filter, which is valid only for track maintenance (i.e., filtering in the presence of measurement-origin uncertainty). The state estimation (i.e., track maintenance) part of PB-PDA tracker will be referred to as PB-PDA filter, or PB-PDAF for short.
B. Existence-Based PDA Tracker
The above PB-PDA tracker provides state estimates only when a perceivable target is deemed present. One may argue that estimating the state of a target that is present is of interest no matter whether it can be detected or not. In other words, state estimation of a target that is around but may be nonperceivable over some time periods (e.g., temporarily obscured) may still be of interest. 4 For this purpose, one may be tempted to define the state estimate as
. In fact, this definition is meaningless. This can be seen well after we decompose it into (28) where stands for the event that a target is present. Note that cannot be defined since the concept of the state of a target is meaningless in the absence of a target. Thus, the definition is meaningless. Nevertheless, is meaningful even if the target cannot be detected at time . With the above in mind, we define . Then where and are state estimates, assuming the th measurement is target originated and computed in the same way as in the PDA filter. The probabilistic weights are defined similarly by (29) and because the prediction is the best estimate knowing (i.e., the target-originated measurement is either nonexistent or outside the gate). As a result, the formula for is identical to that of , but the corresponding quantities are actually different because, e.g., the weights differ from , among other things.
It should be emphasized that although , its error covariance is neither nor of (25) . In fact, since and noting that the error covariances of and are and , respectively, the error covariance of is where with . As a result, the error covariance of is, for and if . Following a similar procedure as the derivation of the probabilistic weights in the well-known PDA filter, it can be derived that (30) where and is the predicted perceivability probability. The filter presented above, which is referred to as target-existence-based PDAF (EB-PDAF), is equivalent to what is presented in [11] . In fact, Dezert and the authors developed this filter independently.
To calculate recursively, we assume that perceivability conditioned by target presence can be adequately described by an HMM similar to the one for perceivability alone. Specifically, we assume that target perceivability as a time sequence given that target is present is a first-order homogeneous Markov chain with known transition probabilities and . Then, the recursion of is exactly the same as that of perceivability probability , except that and are replaced by and , and it is assumed in the calculation of the sufficient statistic that the target is present.
C. Comparison of the Two PDA Trackers
Some simulation results of PB-PDA and EB-PDA algorithms were given in [11] . We provide a more thorough and complete comparison between the two versions under the common basis that a target is perceivable. Note that this comparison cannot be done if the target is not perceivable, in which case, and in PB-PDA are meaningless. Since for , we have, dropping subscript for , with equality holds only if (which is the case when or ), i.e., the target is perceivable at . Similarly (31) Note that implies . We see that state estimate puts a heavier weight on the combined residual than does. This indicates that PB-PDAF places more trust in the current measurements and less trust in state prediction than EB-PDAF. This makes sense since the former presumes target perceivability, which is more than target presence, as assumed in the latter.
From (27) and (30), we have, when
A clear relationship thus follows:
In a cluttered environment, since the PB-PDAF places a heavier weight on validated measurements than the EB-PDAF [because ], we can expect that it performs better than the EB-PDAF if the target-originated measurement is in the gate, and worse otherwise. A natural question is "which one is superior if we only know the total number of validated measurements ?" This question can be answered by examining their error covariances.
The difference of their error covariances is, for This makes sense. As shown in [16] , the event that a target is detected but its measurement is outside the gate implies that with has a larger error than . This error increase is larger in the case when the above event is less likely, which is indeed the case when the target is perceivable compared with the case when it is just present and not necessarily perceivable. where use has been made of since for almost all practical situations. We conclude that when there are one or more validated measurements, PB-PDAF provides better state estimates than EB-PDAF, which should come as no surprise since PB-PDAF only estimates the state of a perceivable target, whereas EB-PDAF is for a not-necessarily perceivable target. This is the price paid by the EB-PDAF to have a guaranteed ability to track a target that may be temporarily obscured. However, this is not to say that PB-PDAF cannot be used to estimate the state of a nonperceivable target in practice (see Scenario 2 results in Section VII).
These conclusions are based on an analysis of the probabilistic weights used in the two trackers. Caution should be taken when they are applied. For example, it is not clear how the choice of the weights affects track life, which relies on perceivability probability , on which the impact of the weights is not clear.
Finally, a discussion with the IMMPDA approach is in order. Notwithstanding the more artificial nature of the IMMPDAF, one may think that the IMMPDA approach [1] is superior to PB-PDA and EB-PDA trackers because it is based on the more appealing IMM mechanism that includes mixing of the previous estimates. The fact is that while it is appealing for many other applications, mixing does not necessarily help here because what we are dealing with is whether the target is perceivable or not-it is controversial how the estimate of a perceivable target can take advantage of the estimate of a nonperceivable target. One may still argue that state prediction can be used as the estimate of a nonperceivable target, but this has been taken into account in the PDAF already. Nevertheless, in view of the fact that PDAF, as shown in [18] , is a GPB1 algorithm with a special design of the transition probabilities, the PB-PDAF and EB-PDAF can indeed be improved by replacing the inherent GPB1 mechanism with the corresponding IMM mechanism. Note, however, that what results is not the IMMPDA algorithm. On the other hand, it is clear that the perceivability-based approach proposed in this paper is more systematic, integrated, and economical than the IMMPDA approach.
VII. SIMULATION RESULTS
To compare the performance of PB-PDA and EB-PDA trackers, Monte Carlo simulations were carried out. The scenario as used in [23] The sensor introduced independent errors in and coordinates with root mean square value m. The track initiation was done as follows [13] . At the first scan, every single measurement is treated as an initiator. At the second scan, an initial (square) gate is formed around each initiator. If a number of measurements at this time fall in the initial gate, the same number of preliminary tracks are formed by two consecutive measurements. At the third scan, if no measurements fall in the gate, no new tracks are initiated, and the initial gate will be terminated. If there are measurements in it, the initial predicted perceivability probability [15] is used, and a new initial track is formed from the corresponding preliminary track.
During tracking, new tracks might be formed successively at each scan, beginning from the third scan. Measurements are classified into three groups and in the following order:
1) for updating tracks; 2) for forming initial tracks; 3) for initiators. Each measurement can only belong to one group.
The first estimator of (23) was used in both trackers. The experiment consisted of 100 runs, each run with 21 scans. In each run, the target would reappear with probability at initial state , 35m/s, and would exist in every scan unless stated otherwise, where stands for a zero-mean Gaussian random variable with variance . , , , , , and from (16) and from (17) were used.
A. Scenario 1
In the first scenario, , for and m for , both PB-and EB-PDA trackers produced 50 MPCTs. The flops per run were 3.64 10 and 3.24 10 , and the cpu times per run were 15.07 and 13.60 s, respectively. Fig. 3 shows the comparison results for Scenario 1. Fig. 3 (a) and (b) gives the percentages of the runs in which the MPCTs defined in Section II-D were confirmed at the given time and the root-mean-square (RMS) values of the position estimation errors of the MPCTs. Fig. 3(c) gives the average number of confirmed tracks (not necessarily MPCTs), and Fig. 3(d) gives the average number of maintained tracks.
Note first that if and , then and . Both trackers would have the same behavior in theory if the unknown truth should have been used. In reality, they differ slightly because only estimates can be used. This is reflected in Fig. 3 in the clutter-free period (i.e., ) where both trackers had virtually the same performance (confirmation percentages, RMS errors, and average numbers of tracks).
As shown in Section VI-C, in a cluttered environment, since the PB-PDAF places a heavier weight on validated measurements than the EB-PDAF [because ], it has a smaller error covariance (at the price of a larger number of confirmed/maintained tracks) than the EB-PDAF when there are measurements in the gate. This is verified by the curves in Fig. 3 (a) -(d) during the cluttered period (i.e., ) because one or more measurement was often validated (since ). However, the clutter density m is not heavy, the performance difference between the two trackers is not very significant.
It can be seen from Fig. 3 (c) and (d) that during the cluttered period, the PB-PDA tracker had more tracks because it trusts relatively more in the measurements for each track than the EB-PDA tracker. As a result, it is computationally more intensive than the EB-PDA tracker. Fig. 4 shows the average lifespan of terminated tracks. As explained in Section VI-C, the above analysis based on the probabilistic weights is not applicable to track life. The tracks during the clutter-free period ( ) are all true tracks. The average lifespan of terminated tracks for this period is that of the true tracks that were terminated because of the poor luck of missed detections. Their average lifespan was short because true tracks of a high age will have a large perceivability probability and, thus, will not be terminated by occasional missed detections. The terminated PB-PDAs true track has a slightly longer lifespan than those of EB-PDAs since the former presumes target perceivability rather than just presence, as in the latter. In the cluttered period, almost all terminated tracks were false ones, and their average lifespan was very short (close to 2). Note that the minimum age of a track is two scans, or they are not treated as tracks. This explains why the average lifespan suddenly drops at scan 15 (because ).
B. Scenario 2
In the second scenario, m for all scans, and the target is perceivable in every scan except for and 14 (i.e., obscured for the period and 14). An average confirmation threshold was used to determine MPCTs for trackers. The PB-and EB-PDA trackers produced 70 and 67 MPCTs, respectively. The flops per run were 7.40 10 and 6.07 10 , and the cpu times per run were 38.22 and 30.77 s, respectively. Fig. 5 shows the comparison results for Scenario 2. It can be observed that during the nonperceivable period, although both were quite low, the EB-PDA tracker had a higher confirmation percentage, whereas the PB-PDA tracker outperforms the EB-PDA tracker when the target is perceivable. This verifies the conclusions of our theoretical comparison in Section VI-C. Fig. 6 shows a comparison of average lifespan of terminated tracks. Almost all terminated tracks should be false ones. The terminated tracks of PB-PDA and EB-PDA trackers have virtually the same life spans.
VIII. CONCLUSIONS
Target perceivability is a fundamental concept for target tracking. Inspired by previous work, this paper establishes/refines this important concept. It is shown here that the probability of target perceivability plays a central role in many aspects of target tracking, including tracker design, analysis, and development. A recursion for the calculation of this probability has been derived based on a hidden Markov model. It enables quantitative applications of target perceivability to various tracking tasks, in particular, decision oriented ones, such as track confirmation and termination. Several such applications have been presented or summarized in this paper, including tracker analysis, tracker design, development of two refined PDA trackers, and clutter density estimation.
APPENDIX
This Appendix also includes some results that belong logically here but are needed only in some other papers. All probabilities used are conditioned on , which is, however, 
B. Propositions on Perceivability Probability
Proposition 1: With Assumptions A2 and A3, the partial-predicted/partially-updated perceivability probability can be expressed by (38)
Remarks: P1-1: An equivalent form of (38) Note that by Assumptions A2 and A3, the kinematic component is independent of feature component for both target and false detections. Considering the case of , we have [3] (62) (63)
As a result
In the case of , we may simply use as a notation of pdf for a diffuse prior distribution.
Proposition 4: With Assumptions A2 and A3, the updated perceivability probability can be expressed by
Remarks: P4-1: An equivalent form of (64) 
where (69) When ,
can be evaluated given distribution of , which is equal to [16] under a Rayleigh distribution assumption for the signal amplitudes, where is the expected SNR of the target signals, and is false alarm probability.
